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DIFFERENCE FILTER PRECONDITIONING FOR LARGE
COVARIANCE MATRICES*
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Abstract. In many statistical applications one must solve linear systems involving large, dense,
and possibly irregularly structured covariance matrices. These matrices are often ill-conditioned;
for example, the condition number increases at least linearly with respect to the size of the matrix
when observations of a random process are obtained from a fixed domain. This paper discusses a
preconditioning technique based on a differencing approach such that the preconditioned covariance
matrix has a bounded condition number independent of the size of the matrix for some important
process classes. When used in large scale simulations of random processes, significant improvement
is observed for solving these linear systems with an iterative method.
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1. Introduction. A problem that arises in many statistical applications is the
solution of linear systems of equations for large positive definite covariance matrices
(see, e.g., [20]). An underlying challenge for solving such linear systems is that co-
variance matrices are often dense and ill-conditioned. Specifically, if one considers
taking an increasing number of observations of some random process in a fixed and
bounded domain, then one often finds the condition number grows without bound
at some polynomial rate in the number of observations. This asymptotic approach,
in which an increasing number of observations is taken in a fixed region, is called
fixed-domain asymptotics. It is used extensively in spatial statistics [20] and is being
increasingly used in time series, especially in finance, where high frequency data is
now ubiquitous [3]. Preconditioned iterative methods are usually the practical choice
to solve for these covariance matrices, whereby the matrix-vector multiplications and
the choice of a preconditioner are two crucial factors that affect the computational
efficiency. Whereas the former problem has been extensively explored, for example,
by using the fast multipole method [12, 4, 8], the latter has not acquired satisfactory
answers yet. Some designs of the preconditioners, which are relevant to this work
given the close connection between linear systems arising from radial basis function
(RBF) interpolation and the covariance matrix, have been proposed and analyzed em-
pirically (see, e.g., [5, 9, 13]); however, their behavior was rarely theoretically studied.
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Furthermore, the preconditioners used therein are tuned towards specific iterative
solvers (e.g., GMRES as in [5], an iterative technique that is analogous to conjugate
gradient as in [9, 13]), and they are not symmetric and might lose positive definite-
ness when the interpolation constraints are removed. Therefore, further analysis and
adaptation in design are needed before they can be applied to a covariance matrix in
an iterative solver that exploits the symmetric definiteness of a matrix.

This paper proves that for processes whose spectral densities decay at certain spe-
cific rates at high frequencies, the preconditioned covariance matrices have a bounded
condition number. The preconditioners use filters based on simple differencing opera-
tions, which have long been used to “prewhiten” (make the covariance matrix closer to
a multiple of the identity) regularly observed time series. However, the utility of such
filters for irregularly observed time series and spatial data is not as well recognized.
These cases are the focus of this work.

Consider a stationary real-valued random process Z(x) with covariance function
k(z) and spectral density f(w), which are mutually related by the Fourier transform
and the inverse transform:

+o0 +oo
k(z) = /_ f(w) exp(iwzx) dw, flw) = % /_ k(z) exp(—iwz) dx.

In higher dimensions, the process is more often called a random field. Where boldface
letters denote vectors, a random field Z(x) in R? has the following covariance function
k(x) with spectral density f(w):

k(x) = f(w)exp(iw ) dw, flw) = L/ k(z) exp(—iw’ ) da.
R4 (2m)? Jga
For real-valued processes, both k and f are even functions. This paper describes re-
sults for irregularly sited observations in one dimension and for gridded observations
in higher dimensions. To facilitate the presentation, we will, in general, use the nota-
tion for d dimensions, except when discussions or results are specific to one dimension.
The covariance matrix K for observations {Z(x;)} at locations {z;} is defined as

K(j,1) = cov{Z(z;), Z(@1)} = k(z; — x0).
Taking f to be nonnegative and integrable guarantees that k is a valid covariance
function. Indeed, for any real vector a,
2

dw,

(1.1) a"Ka=Y " ajak(z;— )= / f(w)

3l Rt

Z a; exp(iw’z;)

J

which is obviously nonnegative as it must be since it equals Var{ > o (:Bj)} The
existence of a spectral density implies that k is continuous.

In some statistical applications, a family of parameterized covariance functions
is chosen, and the task is to estimate the parameters and to uncover the underlying
covariance function that presumably generates the given observed data. Let 8 be the
vector of parameters. We expand the notation and denote the covariance function
by k(a;@). Similarly, we use K(60) to denote the covariance matrix parameterized by
0. We assume that observations y; = Z(z;) come from a stationary random field
that is Gaussian with zero mean.! The maximum likelihood estimation [17] method

IThe case of nonzero mean that is linear in a vector of unknown parameters can be handled with
little additional effort by using maximum likelihood or restricted maximum likelihood [20].
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estimates the parameter 8 by finding the maximizer of the log-likelihood function

1 1
£(6) = —5y"K(0)"'y — 5 log(det(K (6))) — 5 log 2.
where the vector y contains the m observations {y;}. A maximizer 6 is called a
maximum likelihood estimate of 8. The optimization can be performed by solving
(assuming there is a unique solution) the score equation

-1 8K(0)

12 —yKO)

K(0) 'y +tr (K(e)laK—(m> =0 V¢,

00,
where the left-hand side is nothing but the partial derivative of —2£(8). Because of
the difficulty of evaluating the trace for a large implicitly defined matrix, Anitescu,
Chen, and Wang [1] exploited the Hutchinson estimator? of the matrix trace and
proposed solving the sample average approximation of the score equation instead:

L 0K(0)
0,

(13) Fi(8) == —y"K(6)

Yy
N
1 0K (6
+ § uJT(K(O)—l 89(6)>uj:0 Ve,

where the sample vectors u;’s have independent Rademacher variables as entries. As
the number N of sample vectors tends to infinity, the solution 8% of (1.3) converges
to @ in distribution:

(1.4) (VN/N)"1/2(0N — 6) B standard normal,

where V¥ is some positive definite matrix dependent on the Jacobian and the variance
of F(@). This error needs to be distinguished from the error in @ itself as an estimate
of 6. Roughly speaking, this convergence result indicates that the ¢th estimated
parameter 62 has variance of approximately V¥ (¢, ¢)/N when N is sufficiently large.
Practical approaches (such as a Newton-type method) for solving (1.3) will need to
evaluate F' (possibly multiple times), which in turn requires solving a linear system
involving K with multiple right-hand sides (y and u;’s).

If we do not precondition, the condition number of K grows faster than linearly
in m assuming the observation domain has finite diameter and k is continuous, which
holds for any integrable spectral density f. To prove this, first note that we can pick
observation locations y,, and z,, among xi,...,&,, such that |y, — z,| — 0 as
m — oo and k continuous implies var {%Z(ym) - %Z(zm)} — 0 as m — oo, so
that the minimum eigenvalue of K also tends to 0 as m — oco. To get a lower bound
on the maximum eigenvalue, we note that there exists r > 0 such that k(z) > $k(0)
for all |&| < r. Assume that the observation domain has a finite diameter, so that it
can be covered by a finite number of balls of diameter r and call this number B. Then
for any m, one of these balls must contain at least m’ > m/B observations. The sum
of these observations divided by v/m’ has a variance of at least 2m’k(0) > 22k(0),

20ne can also use other stochastic estimators to approximate the matrix trace, which result in
different convergence rates; see [2] for an exposition of the estimators. We note that the Hutchinson
estimator with N ~ 100 yielded a satisfactory approximation to the maximum likelihood estimate 0
in a problem with m large [1].
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so the maximum eigenvalue of K grows at least linearly with m. Thus, the ratio of
the maximum to the minimum eigenvalue of K and hence its condition number grows
faster than linearly in m. How much faster clearly depends on the smoothness of Z,
but we will not pursue this topic further here.

In what follows, we consider a filtering technique that essentially preconditions
K such that the new system has a condition number that does not grow with the size
of K for some distinguished process classes. Strictly speaking, the filtering operation,
though linear, is not equal to a preconditioner in the standard sense, since it reduces
the size of the matrix by a small number. Thus, we also consider augmenting the
filter to obtain a full-rank linear transformation that serves as a real preconditioner.
However, as long as the rank of the filtering matrix is close to m, maximum likelihood
of @ based on the filtered observations should generally be nearly as statistically
effective as maximum likelihood based on the full data. In particular, maximum
likelihood estimates are invariant under full-rank transformations of the data.

The theoretical results on bounded condition numbers heavily rely on the prop-
erties of the spectral density f. For example, the results in one dimension require
that the process behaves not too differently than does either Brownian motion or
integrated Brownian motion, at least at high frequencies. Although the restrictions
on f are strong, they do include some models frequently used for continuous time
series and in spatial statistics. As noted earlier, the theory is developed based on
fixed-domain asymptotics; without loss of generality, we assume that this domain is
the box [0,7]%. As the observations become denser, for continuous k the correlations
of neighboring observations tend to 1, resulting in matrices K that are nearly singu-
lar. However, the proposed difference filters can precondition K so that the resulting
matrix has a bounded condition number independent of the number of observations.
Section 4 gives several numerical examples demonstrating the effectiveness of this
preconditioning approach.

2. Filter for a one-dimensional case. Let the process Z(x) be observed at
locations

0<zo<m<--<zp, <T,
and suppose the spectral density f satisfies
(2.1) f(w)w? bounded away from 0 and oo as w — oco.
The spectral density of Brownian motion is proportional to w=2, so (2.1) says that

Z is not too different from Brownian motion in terms of its high frequency behavior.
Define the process filtered by differencing and scaling as

1 .
(2.2) ViV = 1Z(x) - Z(z; )V, G=1m,
where d; = x; —x;_1. Let K@ denote the covariance matrix of the Yj(l)’s:
K1) = cov { vV, v,

For Z Brownian motion, K*) is a multiple of the identity matrix, and (2.1) is sufficient
to show the condition number of K (! is bounded by a finite value independent of the
number of observations.
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THEOREM 2.1. Suppose Z is a stationary process on R with spectral density f
satisfying (2.1). There exists a constant C depending only on T and f that bounds
the condition number of KW for all n.

If we let LV be a bidiagonal matrix with nonzero entries

LW (G5 —1)=—1//d; and  LW(4,5) =1//d;,

it is not hard to see that K and K1) are related by
KO — 1O rmT

Note that L") is rectangular, since the row index ranges from 1 to n and the column
index ranges from 0 to n. It entails a special property that each row sums to zero:

(2.3) a’LM1 =0

for any vector a, where 1 denotes the vector of all 1’s. It will be clear later that (2.3)
is key to the proof of the theorem. For now we note that if A = L(l)Ta, then

(2.4) a"KWa=X"KX=var{ > X\ Z(x;) p  with Y X; =0.
J J

Strictly speaking, LOTLO is not a preconditioner, since L(*) has more columns
than rows, even though the transformed matrix K (! has a desirable condition prop-
erty. A real preconditioner can be obtained by augmenting L(!). To this end, we
define, in addition to (2.2),

(2.5) 3" = Z(xo),

and let K(1) denote the covariance matrix of all the Yj(l)’s7 including Yo(l). Then we
have

RFO =[O0

where LY is obtained by adding to L) the Oth row, with Oth entry equal to 1

and other entries 0. Clearly, LM s nonsingular. Thus, E(l)Tf/(l) preconditions the
matrix K.

COROLLARY 2.2. Suppose Z is a stationary process on R with spectral density
| satisfying (2.1). Then there exists a constant C depending only on T and f that
bounds the condition number of K for all n.

For a given situation, it may turn out that V&I‘(Yo(l)) is much different from
the variances of the normalized first differences, leading to a covariance matrix with
large condition number. In this case, and similarly for the augmentation used in
Corollary 2.4, a convenient practical fix is to consider the correlation matrix of the
transformed observations rather than the covariance matrix (see section 5).

We next consider the case where the spectral density f satisfies

(2.6) f(w)w* bounded away from 0 and oo as w — oco.

Integrated Brownian motion, a process whose first derivative is Brownian motion,
has spectral density proportional to w™*. Thus (2.6) says Z behaves somewhat like
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integrated Brownian motion at high frequencies. In this case, the appropriate precon-
ditioner uses second order differences. Define

@.7) v = (Z(2j41) = Z(x))]/djra = [Z(x)) — Z(xj-1)]/d;
’ 2y/dj+1 +d;

and denote by K(?) the covariance matrix of the Y;»(Q)’S, 7 =1,...,n— 1, namely,
K1) = cov {v,?,v,# .

Then for Z integrated Brownian motion, K is a tridiagonal matrix with a bounded
condition number (see section 2.3). This result allows us to show the condition number
of K is bounded by a finite value independent of n whenever f satisfies (2.6).
THEOREM 2.3. Suppose Z is a stationary process on R with spectral density f
satisfying (2.6). Then there exists a constant C depending only on T and f that
bounds the condition number of K®) for all n.
If we let L(®) be the tridiagonal matrix with nonzero entries

L@ (5,5 — 1) =1/(2d;\/dj + dj+1),
LP(j,j+1) =1/(2dj31\/d; + dj11),
L@@, j) = -LP(,j —1) - LO(j,j + 1)

for j=1,...,n—1, and let K be the covariance matrix of the Yj@) ’s, then K and
K® are related by

K@ = 1@xr@”
Similar to (2.3), the matrix L(®) has a property that for any vector a,

aTLP g0 = 0,

(2.8) ALl .

where 2 = 1, the vector of all 1’s, and @' has entries (z'); = z;. In other words, if
we let A = L(2)Ta7 then

a"K®a = ATKX = var Z NZ(xj) 7, with Z)\j =0 and Z Ajz; =0.
J J J
To yield a preconditioner for K in the strict sense, in addition to (2.7), we define
Yo = Z(wo) + Z(wa)  and Y, = [Z(xn) — Z(w0))/ (20 — m0).
Accordingly, we augment the matrix L2 to L2 with

1, 1=0, —1/(xy, — ), 1=0,
L?0,)={1, I=n, L®(n,l) = 1/(xn —x0), l=mn,

0 otherwise, 0 otherwise
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and use K to denote the covariance matrix of the Yj(z)’s, including YO(Z) and Y,\?).
Then, we obtain

K@ j@gi@T

One can easily verify that L(?) is nonsingular. Thus, L@ L@ becomes a precondi-
tioner for K.

COROLLARY 2.4. Suppose Z is a stationary process on R with spectral density
f satisfying (2.6). Then there exists a constant C depending only on T' and f that
bounds the condition number of K@ for all n.

We expect that versions of the theorems and corollaries hold whenever, for some
positive integer 7, f(w)w?™ is bounded away from 0 and co as w — oo. However,
the given proofs rely on detailed calculations on the covariance matrices and do not
easily extend to larger 7. Nevertheless, we find it interesting and somewhat surprising
that no restriction is needed on the spacing of the observation locations, especially
for 7 = 2. These results perhaps give some hope that similar results for irregularly
spaced observations might hold in more than one dimension.

The rest of this section gives proofs of the above results. The proofs make sub-
stantial use of results concerning equivalence of Gaussian measures [14]. In contrast,
the results for the high dimension case (presented in section 3) are proved without
recourse to equivalence of Gaussian measures.

2.1. Intrinsic random function and equivalence of Gaussian measures.
We first provide some preliminaries. For a random process Z (not necessarily station-
ary) on R and a nonnegative integer p, a random variable of the form Z?:l N Z(xz5)
for which Z;;l /\jx§ = 0 for all nonnegative integers ¢ < p is called an authorized
linear combination of order p, or ALC-p [7]. If, for every ALC-p Z?:l AjZ(xj), the
process Y (z) = Z;;l \jZ(x + x;) is stationary, then Z is called an intrinsic random
function of order p, or IRF-p [7].

Similar to stationary processes, intrinsic random functions have spectral measures,
although they may not be integrable in a neighborhood of the origin. We still use g(w)
to denote the spectral density with respect to the Lebesgue measure. Corresponding
to these spectral measures are what are known as generalized covariance functions.
Specifically, for any IRF-p, there exists a generalized covariance function G(z) such
that for any ALC-p 377, \;Z(x;),

var Z/\jZ(xj) = Z ANNG (x5 — ay).
j=1

Jil=1
Although a generalized covariance function G' cannot be written as the Fourier trans-
form of a positive finite measure, it is related to the spectral density g by

n 400 2
Z ANNG(z; — ) = / g(w) dw

jl=1 -

Z Aj exp(iwz;)
j=1

for any ALC-p 327 NjZ(2;).

Brownian motion is an example of an IRF-0, and integrated Brownian motion is an
example of an IRF-1. Defining g, (w) = |w|~", Brownian motion has a spectral density
proportional to go with generalized covariance function —c|x| for some ¢ > 0. Note
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that if one sets Z(0) = 0, then cov{Z(z), Z(s)} = min{z, s} for x,s > 0. Integrated
Brownian motion has a spectral density proportional to g4 with generalized covariance
function c|z|® for some ¢ > 0.

We will need to use some results from Stein [21] on the equivalence of Gaussian
measures. Let Ly be the vector space of random variables generated by Z(x) for
xz € [0,T] and let Ly, be the subspace of Ly containing all ALC-p’s in Ly, so that
Ly D Lyo D Lyy D ---. Let Pry(f) and Pr(f) be the Gaussian measure for Ly,
and Ly, respectively, when Z has mean 0 and spectral density f. For measures P
and @@ on the same measurable space, write P = @ to indicate that the measures
are equivalent (mutually absolutely continuous). Since Ly D L, for two spectral
densities f and g, Pr(f) = Pr(g) implies that Pr,(f) = Pr,(g) for all p > 0.

2.2. Proof of Theorem 2.1. Let K(h) denote the covariance matrix K as-
sociated to a spectral density h, and similarly for KM (h), KM (h), K®)(h), and
K (2)(h). The main idea of the proof is to put upper and lower bounds on the bilin-
ear form a” K(M(f)a for f satisfying (2.1) by constants times a” KV (gy)a. Then
since K (1)(92) has a condition number 1 independent of n, it immediately follows that
KM (f) has a bounded condition number, also independent of n.

Let fo(w) = (1 + w?)~! and

I <R
fn) {foau), jw| > R

for some R. By (2.1), there exist R and 0 < Cy < C1 < oo such that Cpfr(w) <
f(w) < C1fr(w) for all w. Then by (1.1) and (2.4), for any real vector a,

(2.9) Co-a"KY(fr)a <a" KW (fla < C -a" KV (fr)a.

By the definition of fy, we have Pro(fo) = Pro(g2) [21, Theorem 1]. Since
fr = fo for |w| > R, by Ibragimov and Rozanov [14, Theorem 17 of Chapter III], we
have Pr(fr) = Pr(fo); thus Pro(fr) = Pro(fo). Therefore, by the transitivity of
equivalence, we obtain that Pro(fr) = Pr,o(g2). From basic properties of equivalent

Gaussian measures (see [14, equation (2.6) on page 76]), there exist constants 0 <
Cy < C3 < oo such that for any ALC-0, Z?:o N Z(zj) with 0 < x; < T for all j,

Cy varg, Z/\jZ(xj) < wvary, Z/\jZ(xj) < C3varg, Z)\jZ(xj) ,
§=0 §=0 j=0

where vary, for example, indicates that variances are computed under the spectral
density f. Then by (2.4) we obtain

(2.10) Cy-aTKW(g2)a < a"KWV(fr)a < Cs-a" KWV (gy)a.
Combining (2.9) and (2.10), we have
OOCQ . aTK(l) (gg)a S aTK(l)(f)a S 0103 . aTK(l) (gg)a,

and thus the condition number of K(l)(f) is upper bounded by C1C3/(CoC3).
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2.3. Proof of Theorem 2.3. Following a similar argument as in the preceding
proof, the bilinear form a” K?(f)a for f satisfying (2.6) can be upper and lower
bounded by constants times a” K?)(g4)a. Then it suffices to prove that K (g4) has
a bounded condition number, and thus the theorem holds.

To estimate the condition number of K(?)(g,), first note the fact that for any two

ALC-1s 3 i Z () and 351, Z (),
(2.11) Z,ujm ) =0.
Based on the generalized covariance function of g4, c|z|3, we have

(j, )-entry of K®(gy)
— cov {Yj@)’ Yl<2>}

+1
=covi Y L, j+5)Z(54y) Z LA+ 1)Z(x0r)
jl=—1 I'=-1

+1
=c ) Z L@, j+ LA+ gy — wgr .

J=—11'=—1
Since for any j, Y,/ is ALC-1, by using (2.11) one can calculate that
¢, l= j7
(4, 1)-entry of K (g4) = ¢ —cdje1/(2\/djs1 + dj\/djz2 + dj1), 1=j+]1,
07 |l - .7| > 17

which means that K (2)(94) is a tridiagonal matrix with a constant diagonal c.
To simplify notation, let C(4,1) denote the (j,1)-entry of K(®(g,). We have
Cdj CdJJr]_
2\/dj +dj_1\/dj+1 —|—d 2\/dj+1 +d \/dj+2 +dj+1

C\/d_j C\/dj_;_l < C

< < .
2\/dj+1 +d; 2\/dj+1 +d; V2

ICU=1L)I+1CG T+ 1)

For any vector a,

n—1 n—1 n—2
a’K®(g4)a = Z a;a;C(j,1) > CZ a? -2 Z laja;1C(4,7 + 1)],

Jil=1 j=1 J=1
but
n—2 -
2Z|ajaj+1C] J+1)] a +%+1 INC (.7 + 1)
j=1 J:1
n—1
Z —LH)I+1CG.5+ 1))
n—1
< — a?
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Therefore,
(2.12) a" K (g)a > o(1-1/v2) [lal?.

Similarly, we have a7 K®(g4)a < ¢(1 4 1/v/2) ||al|”. Thus the condition number of

K®(g4) is at most (1 +1/v/2)/(1 — 1//2) = 3 +2V/2.

2.4. Proof of Corollaries 2.2 and 2.4. The proof of Corollary 2.2 is similar to
but simpler than the proof of Corollary 2.4 and is omitted. The main idea of proving
Corollary 2.4 is to consider the following covariance function (eq. (3.836.5) in [11]
with n = 4 shows that By is a valid covariance function):

33_2¢3 - 4(]5"E2 + |!E|3, |(E| < 2¢7
By(x) = 4 5(4¢ — [2])?, 2¢ < |z| < 49,
0, 2| > 4¢
for ¢ > 0 and the covariance function E(z) = 3¢~ 1#/(1 4 |z|). The function By has a

spectral density hy(w) proportional to sin(¢w)*/(¢w)?, and E has a spectral density
0(w) = 6{m(1+w?)} 2. Using similar ideas as in the proof of Theorem 2.1, we define

_ ) fw), W[ <R,
brw) = {G(w), lw| > R

for some R. Then by (2.6), there exist R and 0 < Cy < €y < oo such that for any
real vector a,

(2.13) Co-a"K®P(br)a <a’K?(f)a < C1-a"K?(0r)a.

Furthermore, according to the results in [14, Theorem 17 of Chapter III], when T’ < 2¢,
PT (h¢) = PT(H) = PT (HR), which leads to

(2.14) Cy-a"K@(hy)a < aKP(r)a < C3-a" K@ (hy)a

for some 0 < Cy < C3 < co. Combining (2.13) and (2.14), it remains to prove that
K®(hy) has a bounded condition number, since then so does K (f).

When T' < 2¢, only the branch |z| < 2¢ of By is used, and one can compute the
covariance matrix K(?)(hg) according to the definition of By entry by entry:

128

(0,0)-entry = qub’ —8¢D?* +2D3,
3

(0,7)-entry = <—4¢—|— §D) Vdjt1 +d; forj=1,...,n—1,
(0,n)-entry =0,
(4, 0)-entry = (0, j)-entry forj=1,...,n—1,
(j,D)-entry = (j,1)-entry of K®(g4)/c for j,l=1,...,n—1,
(j,n)-entry = (n,j)-entry forj=1,...,n—1,
(n,0)-entry =0,

i1+ d;
(n,j)-entry = % <xj1 +xjF T — ;xo — ;xn) forj=1,...,n—1,

(n,n)-entry = 8¢ — 2D,
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where D = x,, — z¢, and recall that ¢ is the coefficient in the generalized covariance
function corresponding to g4. To simplify notation, let H(j,1) denote the (j,1)-entry
of K®(hy). Then we have

n—1 n—1
an((Q)(h¢)a = a2H(0,0) 4 a2 H(n,n) + 2ao Z a; H(0,7) + 2a, Z a;H(n,j)
j=1 j=1

(2.15) +a’K®(gy)ac,

where @ is the vector a with ag and a,, removed. For every a > 0, using [2xy| < 2%+y?
and the Cauchy—Schwarz inequality, we have

n—1 n—1 n—1
) 1
2a02ajH(O,]) Sazag—F?Za?ZH 0,7)?
j=1 j=1  j=1
1 n—1
2 2 2 2
(2.16) < a?aj+ 55D (8¢ - 3D) ; a?.

Similarly, for every 8> 0, using |z;—1 + 2; + j41 — 320 — 2x,| < 3D, we have

n—1
2anZajH(n,j <52a2+ ! ZafZHn]
j=1

(2.17) < B%a? + 1;—2[) S a’
j=1

Furthermore, by (2.12),

(2.18) a" K@ (gyajc > (1-1/V2)|al”.

Applying (2.16), (2.17), and (2.18) to (2.15), together with D < T < 2¢, we obtain

. 12
a’K®(hy)a > <78¢3 —8¢D? +2D? — a2> a2 + (8¢ — 2D — %)a?
1 1 18D
+(1—%—2a (8¢ — 3D)* )Ejj

12
> <78¢3 — 8¢T? +2T° — a2> ag + (8¢ — 2T — §*)a;,

+(1—%—2; T (8¢ — 3T)* 18T)z_:

Setting ¢ = 14T, o = 11600073, and 32 = 1007 yields

n—1
. 2002 178359 1
TER@(hg)a > Z==T3%a2 +10Ta? + | ———
a K (hg)a 2 =5=T"ay + 232000

Since 178359 _ % > .06, the minimum eigenvalue of K(?(hy) is bounded away from

0 independent of n. Similarly, the maximum eigenvalue is bounded from above, and
thus K (?)(hy) has a bounded condition number.
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3. Filter for d-dimensional case. The results in section 2 do not easily ex-
tend to higher dimensions. One simple exception is when the observation locations
are the tensor product of d one-dimensional grids and when the covariance func-
tion k(x) is the product of d covariance functions for each dimension (i.e., k(x) =
k1(z1)ka(z2) ... ka(zq)), in which case the covariance matrix is the Kronecker product
of d one-dimensional covariance matrices, each of which can be preconditioned sepa-
rately. However, such models are of questionable relevance in applications [20]. Here,
we restrict the locations of observations to a regular grid. In this case, the second or-
der difference filter becomes the standard discrete Laplace operator. A benefit is that
the Laplace operator can be recursively applied many times, resulting in essentially a
much higher order difference filtering.

Since the observation locations are evenly spaced, we use 6 = T/n to denote
the spacing, where n is the number of observations along each dimension. Thus, the
locations are {§j}, 0 < j < n. Here, j is a vector of integers, and n means the vector
of all n’s.? Since the locations are on a grid, we use vector indices for convenience.
Thus, the covariance matrix K for the observations {Z(d7)} has entries K(j,l) =
k(67 — ol). We define the Laplace operator A to be

d
Z(65) =Y _ Z(55 — bey) — 27(55) + Z(55 + dey),
p=1

where e, denotes the unit vector along the pth coordinate. When the operator is
applied 7 times, we denote

7] _ AT ;
Y, =ATZ(6j).

Note that this notation is in parallel to the ones in (2.2) and (2.7), with [7] meaning the
number of applications of the Laplace operator (instead of the order of the difference),

7]

and the index j being a vector (instead of a scalar). In addition, we use K ([i to denote

the covariance matrix of Yj[T], T<j3<n-T1:
K0 —eon {1757},

where the subscript d is used to emphasize the dimension of the grid. We have the
following result.
THEOREM 3.1. Suppose Z is a stationary random field on R with spectral density

f satisfying
(3.1) flw) =1+ wl)™,

where o = 41 for some positive integer T. Then there e;m'sts a constant C' depending
only on T and f that bounds the condition number ofK for all n.

Recall that for a(w),b(w) > 0 for all w the relationship a(w) = b(w) indicates
that there exist Cy, Cy > 0 such that Cra(w) < b(w) < Cra(w) for all w

3Sometimes, boldface letters denote a vector of the same entries (such as m meaning a vector of
all n’s). In context, this notation is self-explanatory and not to be confused with the notation of a
general vector. Other examples in this paper include 1 and 7.
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T
It is not hard to verify that K ([iT] and K are related by K U[ZT] = L([;]K L([;] , where
L([;] =Ly r11 Lp_1L, and L, is an (s — 1)? x (s + 1)? matrix with entries

—-2d, l=1j,
Ls(3,0) =41, l=j+e, p=1,....d,
0 otherwise

for 1 < 3 < s—1. One may also want to have a nonsingular ig] such that the

condition number of E[UZT]K fi[ﬂT is bounded. However, we cannot prove that such an
augmentation yields matrices with a bounded condition number, although numerical
results in section 5 suggest that such a result may be achievable. Stein [19] applied the
iterated Laplacian to gridded observations in d dimensions to improve approximations
to the likelihood based on the spatial periodogram and similarly made no effort to
recover the information lost by using a less-than-full-rank transformation. It is worth
noting that processes with spectral densities of the form (3.1) observed on a grid bear
some resemblance to Markov random fields [18], which provide an alternative way
to model spatial data observed at discrete locations. Furthermore, recent work [15]
indicates that Markov random fields can be used to approximate Gaussian fields with
spectral densities of the form (3.1) even when observations are not on a grid, and thus
provide a different approach to approximating likelihoods than is presented here.

3.1. Proof of Theorem 3.1. First note that if one restricts to observations on
the grid d5 for j € Z¢, the covariance function k can be written as an integral in
[—, m]4:

k(d7) = y f(w) exp(z’wT(éj)) dw = /[_ . fs(w) exp(inj) dw,

where

(3.2) fo(w) =064 F(67 (w + 2l)).

lezd

Denote by k7l the covariance function such that kI71(65 — 1) = KC[lT] (4,1). Then
according to the definition of the operator A, we have k%) = k and the recurrence

d
Kl (67) = Z kL (07 +d(ep +eq)) — 2k7 (05 + dep) + kL (6j +d(ep — eq))
P.q=1
— 2kI7V(65 + dey) + 4klT(65) — 2k (55 — de,)
+ k(65 + 0(—ep + eg)) — 2kI7(05 — dep) + KT (05 4+ 0(—ep, — €,)).

If we let

K7 (55) = / 717 (@) expli” ) deo,
[_77771-](1

then the above recurrence for k[l translates into

d 2T
(3.3) 1 (w) = [zmz (%)] fi(@),
p=1
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and for any real vector a, we have

aTKO[lT]a = Z ajark!™ (05 —6l) = /

-7,

2
Z aj exp(iw’ j)| dw.

T7<j<n—1

@)

r<jl<n—r [

Therefore, to prove that K U[ZT] has a bounded condition number, we need to bound the

expression for a” K ([iT]a given in the above equality.
According to the assumption of f in (3.1), combining (3.2) and (3.3), we have

d 2T
6 [ w) = [ng (%)1 S0+ flw + 2ml) ™ == hs(w).
p=1

lezd

Therefore, there exist 0 < Cy < €7 < oo independent of § and a, such that
(3.4) CoHs(a) < 6% *a" K a < C1Hs(a),

where
2

Z aj exp(iw’ j)| dw.

T7<j<n—1

i) = [ )

We proceed to bound the function Hs(a).

For any 0 # 0, hs(w) is continuous with hs(0) = 0. When 6 = 0 and « = 47,
it can be shown that ho(w) is also continuous, but ho(0) = 1. In other words, hs
converges to hg pointwise except at the origin. Since hs > hs when § < ¢, we
have that hs is upper bounded by hg for all 5. Moreover, by the continuity of hg in
w € [-7, 7%, ho has a maximum Cy. Therefore, hs(w) < Cy for all § and w, and thus

2

daJZZCb(2WYi }: (ﬁ,

T<j<n-T

(3.5)  Hs(a) < 02/

[77r777]d

Z aj exp(iw’ j)

T<j<n-T

Now we need a lower bound for Hs(a). First, note that when w € [—, 7%,

hs(w) = sinc?(1/2) [l ]| "7 (8 + lwll)

Therefore, for any 0 < e < /4,

Hs(a) > sinc?(1/2) /[W,w]d <5 -|||-u|1|c|a|)a

: fwll \*®
> 51n02(1/2)/ (
[\ {lwl <ser \O + [|w]]

€ [0
(3.6) > sinc?(1/2) ( ) /
Lte) Jiomma{w|<se

To obtain a lower bound on this last integral, note that

/[W)W]d

2
dw

Z aj exp(iw” 5)

T<j<n—T1

2
dw

Z aj exp(iw’ §)

T<j<n—T1

2
dw.

Z aj exp(iw’ j)

T<j<n-T

2

dw = (27)¢ Z a?

T<j<n-T

Z ajexp(iw’ j)

7<j<n—T
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and

/llu’lﬁtsE

2

Z aj exp(iw” §)

2
dwg/ |a~|> dw
||w|§ae< 2, s

T<j<n-1 T<j<n—1
g/ (n+1—27)d Z a?dw
llwll<de r<j<n—t
= (n+1—27)%6e)%V, Z a?
r<j<n-T

< (Te)'Vy Z a?,

T<j<n-T

where Vj is the volume of the d-dimensional unit ball, which is always less than 29,
Applying these results to (3.6),

Hs(a) > sinc*(1/2) <1 j_ e) [(2m) — (Te)'Vy] Z aj.

r<j<n—t
Since this bound holds for any 0 < ¢ < 7/, we specifically let ¢ = 1/T. Then
(3.7) Hs(a)>Cs Y dj
r<j<n-T
with

sinc?(1/2)[(2m)4 — V4]
(1+T) ’

Cs =

which is independent of 9.
Combining (3.4), (3.5), and (3.7), we have

CoCs |lal® < 6 *aTK[a < C1Co(27)? |la|,

which means that the condition number of K1 is bounded by (27)4CyCy/(CoCs).

4. Numerical experiments. A class of popularly used covariance functions
that are flexible in reflecting the local behavior of spatially varying data is the Matérn

covariance model [20, 17]:
_ L (Ylal) e (vl
M@) = 5= < ] Ky 7 :

where I' is the Gamma function and K, is the modified Bessel function of the second
kind of order v. The parameter v controls the differentiability of the model, and ¢ is
a scale parameter. The corresponding spectral density

2v

) o (5 + ll?

)

>(V+d/2)

which is dimension dependent. It is clear that with some choices of v, f satisfies the
requirements of the theorems in this paper. For example, when d = 1, the Matérn
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model with v = 1/2 corresponds to Theorem 2.1 and Collorary 2.2, whereas v = 3/2
corresponds to Theorem 2.3 and Collorary 2.4. Also, when d = 2, the Matérn model
with v = 1 corresponds to Theorem 3.1 with a@ = 4, meaning that the Laplace operator
A is needed to apply once (7 = 1). Whittle [23] argued that the choice of v = 1 is
particularly natural for processes in R2, in large part because the process is a solution
to a stochastic version of the Laplace equation driven by white noise.

Although the restrictions in our theoretical results are quite strong, there are
many other models besides Matérn models that satisfy the conditions of the various
results. For example, in one dimension, consider rational spectral densities in w?,
ie., f(w) = P(w?)/Q(w?) for P and @ polynomials of degree p and ¢, respectively,
where P is nonnegative and @ is positive. If ¢ = p + 1, then (2.1) is satisfied and if
g = p+ 2, then (2.6) is satisfied. The commonly used spherical covariance functions,
given by k(t) = ¢{1 — % + %(%)3} for [t| < 1 and 0 otherwise for positive ¢ and 6
have spectral densities satisfying (2.1). Another class of covariance functions in one
dimension to which it is possible to show (2.1) applies are covariance functions of
the form k() = ¢(1+ %)76 for positive ¢, 0, and B, which [10] shows are positive
definite. It is a bit harder to find examples of models used in practice that satisfy
(3.1) in more than one dimension, although some rational spectral densities do. In
particular, if f(w) = P(w)/Q(w) for positive even polynomials P and @ with the
degree of Q minus the degree of P equaling a multiple of 4, then (3.1) is satisfied.
Some non-Matérn models of this form were considered in [22].

Figure 4.1 plots the curves of the condition numbers for both K and the filtered
versions of K, as the size m of the matrix varies for three Matérn models: the first
satisfying (2.1), the second (2.6), and the last (3.1) in d = 2. The plots were obtained
by fixing the domain 7" = 100 and the scale parameter ¢ = 7. For one-dimensional
cases, observation locations were randomly generated according to the uniform dis-
tribution on [0,7]. The plots clearly show that the condition number of K grows
very fast with the size of the matrix. With an appropriate filter applied, on the other
hand, the condition number of the filtered covariance matrix stays more or less the
same, a phenomenon consistent with the theoretical results.

The good condition property of the filtered covariance matrix is exploited in
the block preconditioned conjugate gradient (block PCG) solver. The block version
of PCG is used instead of the single vector version because in some applications,
such as the one presented in section 1, the linear system has multiple right-hand
sides. We remark that the convergence rate of block PCG depends not on the condi-
tion number, but on a modified condition number of the linear system [16]. Let A;,
sorted increasingly, be the eigenvalues of the linear system. With s right-hand sides,
the modified condition number is A, /As (recall that m is the size of the matrix).
Nevertheless, a bounded condition number indicates a bounded modified condition
number, which is desirable for block PCG. Figure 4.2 shows the results of an exper-
iment where the observation locations were on a 128 x 128 regular grid and s = 100
random right-hand sides were used. Note that since K and K t[il] are BTTB (block
Toeplitz with Toeplitz blocks), they can be further preconditioned by using a BCCB
(block circulant with circulant blocks) preconditioner [6]. Comparing the convergence
history for K, K preconditioned with a BCCB preconditioner, Kl[il], and Kl[il] pre-
conditioned with a BCCB preconditioner, we see that the last case clearly yields the
fastest convergence.

Next, we demonstrate that the usefulness of the bounded condition number re-
sults in the maximum likelihood problem mentioned in section 1. First, observations
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Fic. 4.1. Condition numbers of K (both unfiltered and filtered) as the matriz size varies.
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Fia. 4.2. Convergence history of block PCG.

{y = Z(x)} for a Gaussian random field in R? are generated under the covariance
function

k(x;0) = V2 - 14.0K: (\/5 : rm;e) ;
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where 0, = [7,10] and the observation locations  are on a two-dimensional regular
grid of spacing § = 100/n. To proceed without filtering, one could solve the nonlinear
system (1.3). However, as already noted, the condition number of the covariance
matrix of y grows faster than linearly with m, so we did not pursue this possibility.
We instead solved a nonlinear system other than (1.3) to obtain the estimate 6N. We
applied the Laplace operator A to the sample vector y once and obtained a vector y!*.
Then we solved the nonlinear system

[1] N (1]
N gl —18Kd [N=1/,.[1] i T [1y—1 8Kd o
0 U T T W 5 Do ) e =0

where the u;’s are as in (1.3). This approach is equivalent to estimating the parameter
0 from the sample vector y!!! with covariance K U[ll]. The matrix K t[il] is guaranteed to
have a bounded condition number for all m according to Theorem 3.1.

The simulation was performed on a Linux desktop with 16 cores with 2.66 GHz
frequency and 32 GB of memory. The nonlinear equation (4.1) was solved by using
the MATLAB command fsolve, which by default used the trust-region dogleg algo-
rithm. Results are shown in Figure 4.3. As we would expect, as the number m of
observations increases, the estimates 0" tend to become closer to 6. which generated
the simulation data. Furthermore, despite the fact that N = 100 is fixed as m in-
creases, the confidence intervals for 8V become increasingly narrow as m increases,
which suggests that it may not be necessary to let N increase with m to ensure that
the simulation error 8V — 6 is small compared to the statistical error 0-6,. F inally,
as expected, the running time of the simulation scales roughly O(m), which shows
promising practicality for running simulations on much larger grids than 1024 x 1024.

11 ; ‘ 10°
o I 512x512 grid
77777777777777 2.74 hours 1024x1024 grid
>210F----L--—-- - =" 4 func eval: § 11.7 hours
. 10 func eval: 8
%)
©
[e]3 g . 256x256 grid
o 3 128x12§ grid| 1.1 hours
o 107} | 6.62mins func eval: 8
~ func eval: 7|
8 )
£
9 ~10% 64x64 grid
4 7,,,,,1 ,,,,, T et 2.56 mins
func eval: 7
6 L 7 L 5 101 - 4 ' 6
10 10 10° 10
matrix dimension m matrix dimension m

(a) Est. parameters with confidence interval. (b) Running time versus matrix dimension m.

Fic. 4.3. Simulation results of the maximum likelihood problem.

5. Further numerical exploration. This section describes additional numer-
ical experiments. First we consider trying to reduce the condition number of our
matrices by rescaling them to be correlation matrices. Specifically, for a covariance
matrix K, the corresponding correlation matrix is given by

C = diag(K)~Y?. K - diag(K) /2.

Although C is not guaranteed to have smaller condition number than K, in practice
it often will. For observations on a regular grid and a spatially invariant filter, which
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is the case in section 3, all diagonal elements of K are equal, so there is no point
in rescaling. For irregular observations, rescaling does make a difference. For all of
the settings considered in section 2, the ratio of the biggest to the smallest diagonal
elements of all of the covariance matrices considered is bounded. It follows that all
of the theoretical results in that section on bounded condition numbers apply to the
corresponding correlation matrices.

K@ oK
10"% = c@ ] -><—Kg
g ©-tilde K@ g 1010,*}'(
§ | “tidec® §
c c
5.5 5
2 210° |
[o] [o]
] ] ._./‘/‘/X\‘/'
0 0
10 : : 10 . .
10' 10° 10° 10* 10' 10° 10° 10*
matrix dimension m matrix dimension m
(a) d=1, v =3/2, second order difference filter. (b) d =1, v =1, two filters.
102 10°
oK
Se g ]
NEPPRL s b
51075k 310
< 1S
2 g
10 r
S 10 é 10
= 2 oK
§10° 8 10% _ tilde K1)
; [1]
. +t||de C p
0
10 : : 10 : :
10' 10° 10° 10* 10° 10" 10°
matrix dimension m matrix dimension m
(¢) d=1, v =2, two filters. (d) d =2, v =1, augmented Laplace filter once.

Fic. 5.1. Condition numbers of covariance matrices and correlation matrices.

Figure 4.1(b) shows that the filtered covariance matrices K ) have much larger
condition numbers than does K?). This result is perhaps caused by the full-rank
transformation L(?) that makes the (0,0)- and (n,n)-entry of K®) significantly dif-
ferent from the rest of the diagonal. For the same setting, Figure 5.1(a) shows that
diagonal rescaling yields much improved results—the correlation matrix C'®) has a
condition number much smaller than that of K® and close to that of K(2).

Theorems 2.1 and 2.3 indicate the possibility of reducing the condition number
of the covariance matrix for spectral densities with a tail similar to |w|™? for even
p by applying an appropriate difference filter. A natural question is whether the
difference filter can also be applied to spectral densities whose tails are similar to |w|
to some negative odd power. Figures 5.1(b) and 5.1(c) show the filtering results for
lw|™3 and |w|~3, respectively. In both plots, neither the first nor the second order
difference filter resulted in a bounded condition number, but the condition number
of the filtered matrix is greatly reduced. This encouraging result indicates that the
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filtering operation may be useful for a wide range of densities (e.g., all Matérn models)
that behave like |w|™P at high frequencies, whether or not p is an even integer.

For processes in d > 1 dimension, our result (Theorem 3.1) requires a transfor-
mation L[dT] that reduces the dimension of the covariance matrix by O(n?~!). One
may want to have a full-rank transformation or some transformation that reduces the
dimension of the matrix by at most O(1). We tested one such transformation here
for an R? example, which reduced the dimension by four. The transformation I:g] is
defined as follows. When j is not on the boundary, namely, 1 < j <n —1,

-4, l=7,

2, l=7+(xep), p=1,2,
-1, b=+ [3],

0 otherwise.

LG, =

When j is on the boundary but not at the corner, the definition of f/gl] (4,1) is exactly
the same as above, but only for legitimate I; that is, components of I cannot be smaller
than 0 or larger than n. The corner locations are ignored. The condition numbers of

_ - -mT
the filtered covariance matrix K U[ll] = L[dl]K L([il] and those of the corresponding cor-

relation matrix C U[ll] are plotted in Figure 5.1(d) for the same covariance function used

in Figure 4.1(c). Indeed, the diagonal entries of K U[ll] corresponding to the boundary
locations are not too different from those not on the boundary; therefore, it is not
surprising that the condition numbers for Kl[il] and Cc[ll] look similar. It is plausible

that the condition number of f(l[il] is bounded independent of the size of the grid.

6. Conclusions. We have shown that for stationary processes with certain spec-
tral densities, a first/second order difference filter can precondition the covariance
matrix of irregularly spaced observations in one dimension, and the discrete Laplace
operator (possibly applied more than once) can precondition the covariance matrix
of regularly spaced observations in high dimension. Even when the observations are
located within a fixed domain, the resulting filtered covariance matrix has a bounded
condition number independent of the number of observations. This result is particu-
larly useful for large scale simulations that require the solves of the covariance matrix
using an iterative method. It remains to investigate whether the results for high
dimension can be generalized for observation locations that are irregularly spaced.
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